The powering of octupoles during third-integer resonant slow extraction has been studied and recently tested with the beam at the CERN Super Proton Synchrotron (SPS) in order to increase the extraction efficiency and reduce the induced radioactivity along the extraction straight. The octupoles distort the particle trajectories in phase space in such a way that the extracted separatrix is folded, which decreases the particle density impinging the wires of the extraction septum at the expense of increasing the extracted beam emittance. During experimental SPS machine studies a reduction of over 40% in the specific (per extracted proton) beam loss measured at the extraction septum was achieved. In this paper, the prerequisite studies needed to safely deploy the new extraction scheme in a limited time-frame are described, the experimental results are presented and an outlook given toward the next steps to bring slow extraction with octupoles into routine operation.
I. INTRODUCTION
Slow extraction using the third-integer resonance and thin electrostatic septa is a process with inherent beam loss, inducing radioactivation of the machine, reduced component lifetime, and severe limitations on personnel access and maintenance. In view of tightening restrictions on doseto-personnel for the necessary hands-on maintenance of accelerator equipment, and ever-increasing experimental requests for higher slow-extracted proton flux, the SPS Losses and Activation Working Group [1, 2] was established to investigate, implement, and follow-up various methods to reduce the induced radioactivity in the extraction straight located in Long Straight Section 2 (LSS2) and the SPS in general. The flux of 400 GeV=c protons delivered to the present experiments, located in the North Area of the SPS, is increasing year-on-year with a historical record of more than 1.2 × 10 19 protons on target last year. Future experimental proposals request a severalfold increase upwards of 2.0 × 10 20 protons on target over a timescale of 5 years, such as SHiP [3] at the proposed SPS Beam Dump Facility (BDF) [4] .
The application of higher-order multipole fields to manipulate the spatial density of the beam presented to the extraction septum is not a new concept and has been reported various times in literature [5] [6] [7] . It is one of the main slow extraction beam loss reduction techniques pursued at CERN in recent years [8] [9] [10] [11] . In the present operational scenario four extraction sextupoles (LSE) are used to drive the third-integer resonance and increase the amplitude of particles on outward spiraling separatrices, which closely resemble straight lines in phase space. In this scenario, the spatial density of the beam at the septum drops off quadratically with amplitude, i.e., ∝ 1=x 2 . When strong higher-order multipole fields are added, one can curve the phase space separatrix presented to the septum and manipulate it such that, after optimization and at the expense of a larger extracted beam emittance, the spatial density projection of the extracted beam is peaked inside the extraction channel rather than at the septum blade. The lower density at the septum blade reduces the number of protons interacting with it during extraction, reducing the overall beam loss and induced radioactivation. The essential goal of the scheme is to increase the sextupole strength whilst folding the beam back with the higher-order fields to avoid the extracted beam from striking the aperture limitation posed by the cathode of the electrostatic extraction septum. A full discussion on the technique of applying high-order multipoles, including both octupoles and decapoles, to third-integer slow extraction can be found in [11] .
II. SLOW EXTRACTION AT THE SPS
The nominal SPS slow extraction scheme is a momentum dominated, chromatic extraction driven by a tune sweep and characterized by a small transverse emittance. The nominal parameters for the SPS are collected in Table I . Once the beam arrives at flat-top with a momentum of 400 GeV=c the momentum spread is enhanced with a radio-frequency (rf) manipulation before turning off the rf system (π phase jump on to the unstable phase followed by a bunch rotation on the stable phase). The increased momentum spread translates through a large chromaticity to a large chromatic tune spread. The machine tune starts below resonance and the extraction is driven by sweeping the tune up through the intrinsic tune spread of the beam by changing the current in the main quadrupole circuits. Since the chromaticity is negative, particles with low momenta have a higher tune, enter resonance first and are extracted earlier.
The layout and equipment of the slow extraction system located in LSS2 is shown in Fig. 1 . The septa deflect the beam from the synchrotron into the transfer line headed toward the experiments located in the North Area. The first septum is a thin-wire electrostatic septum (ZS) made of 5 separate units, each 3.15 m in length and composed of an array of 2080 tungsten-rhenium wires strung on the anode support, which are individually aligned to the beam. The ZS is followed by a thin magnetic septum (MST) and a thick magnetic septum (MSE). The ZS is aligned such that the upstream end of the wire-array delimiting the extracted beam from the circulating beam is nominally located at an amplitude of x ZS ¼ 68 mm, representing the vertical axis of Fig. 1(b) . Two absorbers are placed in the extraction region: the TCE is a cooled cast-iron mask, which protects the enlarged-aperture quadrupole QDA.217 directly after the ZS from stray particles that scatter or shower from the septum wires, and the TPST consists of aluminium and copper absorbers protecting the MST septum blade and its extraction aperture from such particles. After being deflected by the MSE the extracted beam passes through a window cut into the coil of QDA.219 to leave the synchrotron.
The size of the extracted beam in the horizontal plane is trimmed by adjusting the distance between the extraction septum and the circulating beam using the extraction bump amplitude and the LSE strength, see Eq. (8) and the discussion in Sec. VI B. The spiral step is adjusted to a value of approximately 15 mm to fit comfortably inside the gap between the anode (wire-array) and the cathode of 
FIG. 1. Layout of the LSS2 extraction straight and the phase space acceptance of the extraction channel at the entrance to the electrostatic septum (ZS). The phase space acceptance is delimited along with selected particle tracks lost on relevant apertures. The blade of the ZS cuts the circulating beam at an amplitude x ZS ¼ 68 mm.
the ZS over which the high voltage is applied. The four LSE magnets each deliver a nominal integrated and normalized sextupole field of k 2;nom L ¼ 0.089 m −2 . The apertures in the horizontal plane along the extraction channel are presented in Fig. 1 . The phase space acceptance at the upstream end of the ZS is shown schematically in Fig. 1 (b) along with selected particles that are tracked to various relevant aperture restrictions. The color-coding shows the limiting apertures of various downstream devices. The enlarged horizontal emittance in the presence of phase space folding from applying strong octupole fields must fit inside the white shaded area of phase space, otherwise beam loss will occur.
III. OCTUPOLES IN THE SPS
The large number of octupoles installed in the SPS for the mitigation of transverse instabilities through Landau damping make it an ideal test-bed for applying higher-order fields to resonant slow extraction. The SPS ring has an approximate sixfold symmetry with each 64 m long sextant consisting of 18 FODO cells. Each half-cell contains four dipoles, with the exception of those in the LSS insertion regions located in the centre of each sextant. Each LSS consists of two FODO cells without any main dipoles, with a missing-magnet dispersion suppressor of one cell on each side.
The SPS is equipped with two Landau octupole families (LOF-focusing and LOD-defocusing) with each magnet capable of delivering an integrated, normalized octupole field of more than k 3 L ¼ 6 m −3 . The LOF magnets are installed in locations of high dispersion near focusing quadrupoles where the horizontal Twiss function (β x ) is large and typically 85-105 m. The relevant optics functions at the locations of the octupoles in the lattice are summarized in Fig. 2 . Only the LOF family were considered because they are an order of magnitude more effective than the LOD family, which are instead located near defocusing quadrupoles where β x is much smaller.
There are 24 LOF magnets in the machine powered by a single bipolar power converter in series and, even though 6 are cabled with an inverted polarity, there is adequate strength to exploit the parameter space required within the scope of the extraction studies presented in this paper.
The LOF and LOD families are not usually powered during extraction on the flat-top. In the measurements and simulations presented here, the LOF octupoles are turned on just before and held at a fixed normalized strength throughout the flat-top.
A. Constant optics slow extraction (COSE)
The constant optics slow extraction (COSE) technique, discussed in detail elsewhere [13] , was employed to suppress the optics mismatch induced by the chromatic tune sweep scheme at the SPS. This was a prerequisite for slow extraction with octupoles. COSE ramps the strength of all magnetic circuits synchronously, e.g., sextupoles, octupoles, extraction bump, magnetic extraction septa, etc., along with the main quadrupole circuit driving the tune sweep, in order to follow the changing momenta of the extracted particles throughout the spill. COSE suppresses the emittance blow-up during extraction in both planes that arises from the optical mismatch and, particularly in the case of octupoles, the effects of dispersion in the LOF magnets.
B. The dispersion problem in the SPS
The variation of the extracted beam momentum couples with the large dispersion (∼3-7 m) at the LOF octupoles to blow-up the extracted beam emittance when time-averaged over the spill. The dispersive steering of the on-resonance particles (being extracted at any given instance of time) in the octupoles creates a phase space folding that is timedependent, as illustrated by the simulations presented in Fig. 3 . Even more concerning is the variation of the angle at which the beam strikes the wire-array of the ZS throughout the spill and the resulting increase in beam loss, which in some cases nullifies the reduction in beam density achieved with the application of the octupoles. As shown for comparison in Fig. 4 , the time-dependent effect is suppressed when COSE is applied. This is achieved because the COSE scheme includes a ramp function on the current in the main dipole circuit that follows the extracted beam momentum. As a result, the particles that are flowing along the separatrices of the third-integer resonance at any instance in time during the extraction are held at the same position inside the LOF magnets regardless of their momentum.
A significant drawback of applying octupoles located in regions of high dispersion, as is the case at the SPS, is the unavoidable blow-up of the extracted emittance caused by the intrinsic momentum spread, in addition to the folding. Although COSE removes the time-dependence caused by the tune sweep, it cannot compensate chromatic effects driven by the intrinsic momentum spread. This is especially the case as the stop-band width of the resonance increases when the sextuple strength is increased. Particles entering the octupoles on a dispersive orbit see a field strength correlated to their momentum and the amount by which they are folded varies. This is illustrated by the correlation with momentum present in Figs. 3 and 4. The additional emittance blow-up arising from this effect is shown in Fig. 5 with simulations carried out at a fixed instance in time and with an artificially modified instantaneous momentum distribution, approximated by a Gaussian distribution and parametrized by its variance (σ 2 δ p ).
IV. KOBAYASHI HAMILTONIAN WITH OCTUPOLES
A modern derivation of the Kobayashi Hamiltonian, which is traditionally used to describe the dynamics of charged particles close to the third-order resonance, can be found in [14] , however this derivation only considers sextupoles. The original paper [15] does treat arbitrarily high multipoles, but the notation used is rather far removed from today's conventions. Assuming a single multipole magnet of length L with arbitrary normalized multipole components,
or several multipoles that can be approximated as a single effective multipole, one can express the normalized and integrated multipole strength as,
where the multipole is situated at a location in the lattice with β x . Using nondimensionalized coordinates, assuming K 2 ≠ 0, the Hamiltonian can be written with an additional term in the case of octupoles as, 
where X and P are the normalized phase space coordinates reexpressed in nondimensionalized coordinates as, ðX;PÞ ¼ K 2 · ðX; PÞ; ð4Þ
The threefold rotational symmetry of the Hamiltonian is easier to notice in polar coordinates (Â,θ) defined by,
with the Hamiltonian equivalently expressed as,
By using these coordinates it becomes clear that the number of fixed points of the Hamiltonian motion, as well as the shape of the Hamiltonian flows, are essentially determined by the parameter κ 3 , with K 2 playing the role of a scaling parameter. Indeed, some caution is needed when interpreting the nondimensionalized coordinates. Since the coordinates are scaled by K 2 , the nondimensionalized phase space will not only be scaled, but also rotated by 180 deg compared to the normalized phase space in cases where K 2 < 0. Hence, the nondimensionalized polar coordinates are related to the polar coordinates in normalized phase space by,
A derivation of the Kobayashi Hamiltonian including arbitrary multipoles in modern notation can be found in [11] . A visual overview of the phase-space morphology as resonance is crossed is given for κ 3 ¼ 2 and various values of ε in the Hamiltonian flows of Fig. 6 . The following regimes can be identified:
The only fixed point is at the origin of phase space. κ 3 ε ¼ 1=8: Next to the fixed point at the origin, there are three more fixed points atÂ ¼ 1 3jκ 3 j . κ 3 , ε > 0: The three additional fixed points are at θ ¼ 60; 180; and 300°. κ 3 , ε < 0: The three additional fixed points are at θ ¼ 0; 120; and 240°. 0 < κ 3 ε < 1=8: Next to the fixed point at the origin, there are six more fixed points atÂ ¼ 1
The six additional fixed points are at θ ¼ 60; 180; and 300°. κ 3 , ε < 0: The six additional fixed points are at θ ¼ 0; 120; and 240°. ε ¼ 0: Next to the fixed point at the origin, there are three more fixed points atÂ ¼ 2 3jκ 3 j . κ 3 > 0: The three additional fixed points are at θ ¼ 60; 180; and 300°. κ 3 < 0: The three additional fixed points are at θ ¼ 0; 120; and 240°. κ 3 ε < 0: Next to the fixed point at the origin, there are six more fixed points atÂ ¼ 1
The three additional fixed points at the smaller amplitude are atθ ¼ 0°; 120°; 240°, while those at the larger amplitude are at θ ¼ 60; 180; and 300°. κ 3 < 0; ε > 0: The three additional fixed points at the smaller amplitude are atθ ¼ 60; 180; and 300°, while those at the larger amplitude are at θ ¼ 0; 120; and 240°. The number of stable points is determined by κ 3 ε. For nonzero κ 3 the motion is always bounded, regardless of the initial conditions. The motion for κ 3 ε > 1=8 is uninteresting with regard to extraction. For κ 3 < 1=8 the three fixed points at larger amplitude are stable, while the three fixed points at smaller amplitude are unstable but define a separatrix on which the motion is useful for extraction. Particles near this separatrix can grow in amplitude and then turn around the stable fixed points before decreasing in amplitude again, allowing the extraction of a beam that is folded in phase space shown schematically in Fig. 6 (a).
V. MACHINE PROTECTION ASPECTS
The powering of octupoles during slow extraction has potentially serious machine protection implications for the delicate wire arrays in the electrostatic septum. A detailed procedure [16] was prepared and approved to verify and establish safe limits for the machine parameters applied during the tests.
The main risk was identified as accidentally trapping the beam in the machine at large amplitude with relatively strong octupole fields and collimating the beam directly onto the septum's wires. The damage limit of the ∅60 μm wires in the first two septum units could be estimated from past incidents and flying wire tests carried out in the 1990s at approximately 2 × 10 12 protons. In order to mitigate the risk, a low intensity beam of 1-5 × 10 11 protons, a factor of 100 below the nominal intensity, was prepared in the CERN injector chain. An intensity on the higher end of this scale was needed in order to attain a high enough signal-to-noise ratio on the beam profile measurements taken with secondary-emission grids in LSS2.
Conversely, there was also the risk of accidentally increasing the extracted beam size at the septum and striking the cathode directly on the outside of the extraction aperture, nominally spaced at 20 mm from the wires. Although any risk was largely mitigated by the low intensity of the beam, a fortuitously-located LHC-type collimator (TCSM) with 1 m long graphite jaws, was used to safely define and restrict the machine's aperture with close to an integer number of betatron wavelengths upstream of the ZS.
VI. MAD-X STUDIES AND TRACKING RESULTS
A simulation framework based on thin-lens tracking in MAD-X [17] was developed in order to simulate the slow extraction dynamics in the SPS under different scenarios. The framework distributes the simulations and parallelizes them over several remote machines in order to decrease the simulation time of the extraction process. The machine parameters can be varied dynamically through the extraction on a turn-by-turn basis, e.g., to simulate the behavior of the sweeping tune or a dynamic extraction bump, or held static to simulate an instance during the spill. The simulations are relatively computationally intensive because of the large number of elements in the SPS MAD-X sequence through which particles are tracked. Tracking in polymorphic maps of the SPS lattice computed using PTC [18] truncated at a given order is presently being investigated with future optimization studies in mind for the octupole extraction scheme. Recent efforts made in this direction for slow extraction studies can be found reported in [19, 20] .
A. Rotating the resonance driving term
The amplitude detuning introduced as the octupoles are powered changes the angle at which the extracted separatrix arm strikes the septum blade. During the first beam tests it quickly became apparent that this effect needed to be compensated due to the inhibitive beam loss in LSS2, localized mainly on the TPST protection device in front of the magnetic septa. The mechanical realignment of all the extraction septa in LSS2 was ruled out as prohibitively time-consuming and impractical as the machine had to be returned to operation after the tests with only a short handover time.
Previous studies [21] showed the complexity of operating two orthogonal bumps (position and angle) superimposed on the LSS2 extraction bump to control the presentation of the separatrix to the septum.
Instead, the phase of the resonance (sextupole) driving term was rotated by using two other independent and orthogonal groups of extraction sextupoles, which remain DEMONSTRATION OF SLOW EXTRACTION LOSS … PHYS. REV. ACCEL. BEAMS 22, 123501 (2019) 
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in the SPS for historical reasons. The three groups of extraction sextupoles in the SPS can be distinguished by their relative phase advances, as computed with PTC and illustrated in Fig. 7 . The reader is referred to literature [22] [23] [24] for further details on resonance driving terms and a complete description of the normalization of an effective Hamiltonian in resonance bases. The driving term angles of the four LSE sextupole magnets used in regular operation (106, 224, 406 and 524) are grouped at a relative phase of approximately 290 deg. An explanation of the naming convention is given in the caption of Fig. 7 . The two other groups of sextupoles can be identified at a phase difference of 120 and 240 deg, one with four sextupoles (206, 324, 506, and 624) and the other with two sextupoles (124 and 424). These other two groups, which are close to orthogonal, were used to change the driving term phase in a linear fashion without changing its amplitude. Changing the phase of the resonance driving term has the effect of rotating the angle of the separatrix arm presented to the septum without changing the strength of the driving term. The application of the rotation on the nominal extraction is presented in Fig. 8 with the rotation angle (Δx 0 rot ) defined as the rotation of the separatrices in the normalized phase space plane.
B. Understanding the extraction dynamics
Tracking simulations of the extraction dynamics were used to guide the settings applied in the machine. The strength of the LOF octupoles, LSE sextupoles, LSS2 extraction bump and the sextupole rotation knob were scanned systematically in simulation. The behavior of these main parameters are summarized qualitatively in Figs. 9-12 with high extraction sextupole strengths. The phase space is plotted together with the acceptance of the LSS2 extraction channel previously presented in Fig. 1(b) . The spatial and angular distributions are also projected to illustrate the variation of the changing beam density at the ZS. The integrated octupole gradient (k 3 L) is quoted per magnet with the powering configuration presented previously in Fig. 2 and the sextupole strength quoted in terms of the nominal value (k 2;nom ). The different parameters have a similar effect on the extracted beam distribution and are difficult to disentangle, which is discussed later in the context of the measurements. Most evident is the significant growth of the extracted beam emittance compared to the extraction channel acceptance.
LOF circuit
The separatrix can be bent downward in phase space using positive LOF strengths, or upward with negative values. Increasing the strength of the LOF circuit has the effect of stabilizing and folding the outward streaming separatrix, which is shown in Fig. 9 for an LSE strength 2.1 times higher than nominal, i.e., k 2 ¼ 2.1k 2;nom . The relative strength of the LSE and LOF circuits have important consequences for the beam density at the ZS. This particular example highlights the machine protection concerns for the ZS with (i) relatively low LOF strengths (small κ 3 ) allowing particles to be extracted directly onto the cathode (at x > 88 mm) and (ii) relatively high LOF strengths (large κ 3 ) trapping particles close to and collimating particles directly onto the wire-array of the ZS (at x ZS ¼ 68 mm).
LSE circuits
The relative strength of the extraction sextupoles has the inverse effect of the octupoles, fighting the stabilization introduced by the LOF circuit, as shown in Fig. 10 for an LOF strength of k 3 L ¼ −2.45 m −3 and the nominal extraction bump amplitude of x bump;nom ¼ 44.3 mm.
LSS2 extraction bump amplitude
The extraction bump is a sensitive parameter that defines the amplitude at which particles can sample the field in the octupoles in the last turns before jumping the extraction septum. The length of the folded separatrix arm shrinks as the phase space amplitude growth (ΔA) of on-resonance particles in the last 3 turns is reduced when the beam is bumped closer to the ZS. In the absence of octupoles, the spiral step is described by the following expression,
where the phase space amplitude between the beam and the septum blade of the ZS is given by Figure 11 illustrates this behavior in the presence of strong LSE and LOF strengths.
Resonance driving term rotation
Rotation of the resonance driving term helps align the beam with the septum blade. The knob also has an impact on the folding by adjusting the amplitude growth in the final turns by adjusting the magnitude of A ZS described by Eq. (8) . Figure 12 shows that the rotation plays a similar role to the extraction bump and, as a result, the length of the folded separatrix arm varies as a function of the rotation. This behavior complicates the operational setup of the extraction.
Loss reduction potential
The effect of the changing beam distribution on the extraction efficiency is summarized in Fig. 13 as a function of the sextupole and octupole strengths presented in the parametric simulation studies. The relative beam loss is computed by comparing the number of particle hits on the geometry of the extraction septum modeled as a black absorber. The effective thickness of the wire array was taken as 500 μm, which is much larger than the diameter of the individual wires strung on the ZS anode but consistent with recent independent measurements reported in [19, 25, 26] . The angular spread of the beam impacting the septum blade is increased in the presence of strong multipoles, as parametrized in Fig. 14. However, with such a large effective septum blade thickness the effect of the angular spread on the loss at the septum is negligible. The simulation results indicate that a loss reduction of up to approximately 40% is possible at the extraction septum. 
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The increased angular spread of the separatrix arm will play a significant role in the extraction efficiency when octupoles are applied in combination with the crystal shadowing technique, where the angular acceptance of the crystal is limited, and if the effective thickness of the septum blade is reduced. The dependence of the channeling efficiency as a function of the angular spread of the beam is presented in [19] . The increased angular spread of approximately 25% is expected to reduce the channeling efficiency by 20% at 400 GeV=c in the SPS. As mentioned above, systematic simulation studies are presently underway using PTC to understand the full loss reduction potential of octupoles at the SPS as a function of effective septum blade thickness and multipole strengths.
C. Error studies
The closed-orbit at flat-top is measured and corrected once per year during the recommissioning period by voluntarily displacing selected quadrupoles. This approach is taken because the SPS has no orbit corrector magnets effective at 400 GeV=c. The procedure is always a compromise because the closed-orbit is different for the different optics in the cycles played, e.g., 450 GeV=c LHCtype cycles compared to the 400 GeV=c fixed-target cycle. As a result, a relatively large nonzero root-mean-square (rms) closed-orbit of ∼2 mm measured on the beam position monitor (BPM) system is not unusual.
An extensive simulation effort was carried out before any beam tests to understand the behavior of feed-down in the octupoles on the resonant dynamics. An error study was performed using Gaussian alignment errors on all main quadrupoles with an rms of 150 μm in order to create random error seeds with closed-orbits comparable to those measured in the SPS. It was observed that: (i) The orbit variation driven by ramping the octupole and sextupole strength is not significant. A maximum change of 70 μm in the rms of the closed-orbit is expected for worst-case error seeds and strongest octupole fields; (ii) The nonzero closed-orbit offset in the octupoles can change the sextupole driving term strength by up to a few percent; (iii) Feed-down from the octupoles may change the angle of the sextupole driving term, but the change is anyway small compared to the uncertainty coming from the nonzero closed-orbit in the sextupoles.
Likewise, an error study was performed investigating the effect of β-beating on the resonance driving term in the presence of a non-zero closed-orbit. For the expected level of β-beating in the SPS the effect on the sextupole driving term can be up to ∼5% in strength and 20 deg in angle. All of these effects were expected to have minimal effect on the extraction and without risk to the machine as the octupoles are powered. More details of the error study can be found in [11] .
VII. SLOW EXTRACTION TESTS
The beam tests were performed over two mornings and totalled no more than 8 h due to the reduced availability of the injector chain on those days. They were carried out with an intensity of approximately 5 × 10 11 protons, extracted with COSE on a spill with a flat-top duration of 4.8 s.
The tests were split into two parts. In order to safely check the effective strength of the multipoles in the machine and their interplay, a first step was carried out with the LSS2 extraction bump off and the beam safely slow extracted onto the TCSM collimator located in LSS5 of the SPS. The second part proceeded with extraction through LSS2 onto a beam dump located at the upstream end of the transfer line headed toward the North Area. Therefore, the transport and splitting of the beam in the transfer line was not studied. The main objectives of the procedure were to safely: (1) Demonstrate and understand the possibility to resonantly drive the beam to large amplitude with sextupoles and trap it with octupoles, checking the strength of the multipole terms in the machine with those implemented in simulation; (2) Demonstrate that the changing angle of the extraction separatrix at the septum, induced by the amplitude detuning of the 
A. Verification of multipole strengths
The machine's aperture bottleneck was transferred from the extraction septum to the outer jaw of the TCSM collimator. This was achieved with a beam-based alignment whilst nominally slow extracting to the transfer line dump. The outer TCSM jaw was inserted into the beam's separatrix arm on its final turn in the machine until the loss signal at the extraction septum in LSS2 dropped sharply, along with the extracted beam intensity. The evolution of the trapping process was observed on the circulating beam intensity measured throughout the spill and beam profile measurements of the circulating beam.
With the TCSM aligned to the equivalent aperture of the ZS wire-array, the extraction bump in LSS2 was turned off and the beam slow extracted onto the TCSM. The LOF circuit could then be powered safely without any risk to the ZS. The behavior of the beam loss measured at the TCSM and the beam intensity trapped at the end of the flat-top was used to validate the multipole strengths applied by comparing the onset of beam trapping with simulation. The trapped intensity was preferred to the beam loss signal because the changing impact position and angle of the beam on the TCSM complicated the measured dose given to the downstream beam loss monitor (BLM). The comparison of the trapping phenomenon to simulation is shown in Fig. 15 for different sextupole strengths. At weak LOF settings, the beam is slow-extracted onto the TCSM, as expected. As the LOF strength is ramped, either positively or negatively, the separatrix arms bend around the stable islands formed at large amplitude, eventually trapping the beam in the machine. Within the tolerances on the measured beam size and position of the TCSM, the onset of trapping is well predicted by simulation for both positive and negative values, which allowed the extraction tests to continue with confidence. The same exercise was repeated for stronger LSE strengths and demonstrated that higher LOF strengths are indeed needed to trap the beam. The exercise allowed safe limits to be defined for the relative LSE and LOF strengths to protect the ZS anode, as shown in Fig. 15 . 
B. Rotating the resonance driving term
Without the LOF circuit powered, the rotation of the driving term was validated by comparing the shape and center-of-mass of the extracted beam distribution on two beam profile monitors located immediately upstream of the ZS and approximately 90 deg phase advance further downstream inside the MSE septum. The beam loss measured using the BLM system installed along LSS2 showed good agreement with a movement of the downstream end of the girder supporting the ZS, which is an analogous way of changing the relative angular alignment of the beam and ZS.
The ability to rotate the angle at which the extracted separatrix is presented to the septum also has an important operational relevance for the septum alignment independent of the discussion of extraction with octupoles in this paper. Typically, the electrostatic septa have to be realigned during the operational year due to a slowly drifting closedorbit, which is a time-consuming mechanical procedure. In the future, the rotation knob will be implemented into the alignment procedure to speed up and improve its reproducibility.
The extracted beam position and size measured in the presence of octupole fields showed good agreement with simulation. The ability to compensate for the changing angle allowed the machine tests to progress without realigning the extraction channel. Further details of these aspects can be found detailed in [27] .
C. Extraction measurements with octupoles
Although it would have been preferable to systematically scan and optimize all multipole parameters, the limited time meant that only a few combinations of octupole and sextupole strengths, which performed well in simulation, were tested. For each setting, a scan of the rotation knob was performed to realign the beam with the ZS by minimizing the sum of the loss signal measured on the BLM monitors next to the ZS.
Unfortunately, it became clear toward the end of the tests that the TCSM, which was aligned to protect the ZS cathode from direct beam impact, was too close to the edge of the beam and was perturbing the measurements of the horizontal profile distribution when strong multipole strengths were applied. Once the TCSM was retracted, the phase space folding was clearly demonstrated on the measured beam profile distribution, as shown in Fig. 16(a) for the best loss reduction settings. The modified beam density distribution at the entrance to the extraction septum shows a clear reduction of approximately 35% in the beam intensity close to the estimated ZS wire location and an increased density at large amplitude. The settings applied with the TCSM retracted for this case were k 2 ¼ 2.1k 2;nom and k 3 L ¼ −2.45 m −3 . A corresponding loss reduction of 42% was measured on the sum of the 5 BLMs next to the extraction septum, as shown by the beam loss profile measured along LSS2 in Fig. 16(b) . In this case, the beam loss downstream in LSS2 increased because of the large emittance of the extracted beam. As the beam was rotated using the driving term rotation knob, the losses at the electrostatic septum decreased but the loss signal on BLMs located close to the enlarged aperture quadrupole (QDA.219) increased. The loss increase was most likely caused by the beam scraping on the outside of the downstream end of the MSE. The trajectory of the simulated distributions through the LSS2 extraction channel is shown in Fig. 17 The applied multipole strengths were implemented in simulation along with a rotation of the resonance driving term to align the beam and septum, before being fitted to the beam profile measured at BSGH.216 using the LSS2 extraction bump amplitude as the free parameter. A comparison between measurement and simulation is shown in Figs. 18 and 19 . The large beam size at BSGH.218 highlights the increased divergence of the extracted beam, which is not evident 90 deg upstream at the ZS. The limited coverage of the grid of BSGH.218 (AE10 mm) is exposed by the missing data at amplitudes larger than about 100 mm. The simulated phase space distribution at the upstream end of the ZS in Fig. 20 shows how the acceptance of the LSS2 extraction channel is filled leaving very little, if any, margin for misalignment.
D. Discussion
The measured loss reduction was larger than expected from the modification to the beam profile distribution observed on BSGH.216 upstream the ZS. However, the density reduction at the septum wire-array is difficult to infer due to the poor resolution (grid width of 1.5 mm), noise at the low intensities used and the uncertainty on the relative position between the grid and septum blade. The increased loss reduction could also be explained by the fact that no alignment, either mechanical or with the rotation knob, was carried out for the nominal case without the LOF circuit powered. It had been several months since the last beam-based alignment of the ZS.
The simulations including strong multipoles required the extraction bump amplitude to be scaled-up by a few percent to achieve good agreement with measurements. This discrepancy amounts to a closed-orbit perturbation of approximately 2 mm at the ZS induced by feed-down in the strong multipoles, which is much larger than expected. As pointed out previously, each of the available degrees of freedom play a similar role in the distribution of the beam profile measured at the ZS. It is more likely that the discrepancy is due to an error in the effective multipole strength arising from the nonzero closed-orbit or magnet calibration and transfer function errors. More information is required to better constrain the simulations. The changing closed-orbit position in LSS2 was not measured during the beam tests and, although the multipole strengths were validated (see Fig. 15 ) as best as possible, the measurement was indirect and includes significant errors from the beam size and alignment tolerances at the TCSM. In the future, closed-orbit and optics measurements will be needed to better constrain the simulation model.
The impact of the strong multipoles on the vertical emittance was not measured as a function of time during the flat-top and will be the subject of future investigations, however the emittance growth is expected to be negligible.
VIII. CONCLUSION
First tests applying octupoles during slow extraction to manipulate the phase space density of the beam at the electrostatic extraction septum have successfully demonstrated the feasibility of the principle at the CERN SPS and validated the simulation tools used to understand the extraction dynamics. Although the location of the octupoles in regions of high dispersion is not ideal, the beam loss at the extraction septum was reduced by over 40% with carefully chosen multipole strengths. The increased beam emittance was problematic in the limited acceptance of the extraction channel and the beam loss increased as a result in the downstream end of LSS2 as the beam left the synchrotron. Although the computed acceptance indicates that the extraction of the larger emittance is possible, no attempt could be made to realign the extraction channel with the beam due to the limited time available.
IX. OUTLOOK
To implement the octupole scheme in operation, further study and optimization of the machine, e.g., steering and alignment of extraction septa in LSS2 etc., will be needed after the SPS restarts from Long Shutdown 2 in 2021 to ensure that the increased horizontal transverse emittance can be transported out of LSS2, split in TT20 and transported to the production targets. In addition, the machine protection aspects of an operational implementation will need careful consideration. Studies are on-going to understand the maximum loss reduction potential in the SPS with all constraints implemented, however, the studies presented in this paper indicate that a loss reduction of greater than 40% is unlikely when the maximum sextupole strength, which amounts to k 2 ¼ 3k 2nom , is considered.
The tests have highlighted the challenges of decoupling the effects of the different degrees of freedom when setting up the extraction and the need for improved beam instrumentation in LSS2, and in the SPS in general. In particular, the ability to accurately measure the nonlinear optics and validate the applied strengths at flat-top will be important to constrain the simulation model of the extraction. Studies are already underway to apply advanced numerical optimization algorithms to the operational setup of the extraction and to maximize the loss reduction with the available parameters and constraints.
Slow extraction with octupoles was also tested with success in combination with a thin, bent crystal shadowing the wires of the ZS to achieve a combined loss reduction factor of ∼3. More tests are needed to accurately measure the impact that the increased angular spread from the application of octupoles has on the effectiveness of the crystal shadowing technique in comparison to simulation. Further details can be found reported elsewhere [2] . This important result demonstrates that different loss reduction techniques can be combined in the quest for the factor of 4-5 reduction in the specific extraction loss needed to welcome the proposed BDF at CERN.
